Abstract. We show that a linear operator can have an orbit that comes within a bounded distance of every point, yet is not dense. We also prove that such an operator must be hypercyclic. This gives a more general form of the hypercyclicity criterion. We also show that a sufficiently small perturbation of a hypercyclic vector is still hypercyclic.
Introduction
For a separable complex Banach space X, B(X) will denote the algebra of all bounded linear operators on X. If T ∈ B(X) and x ∈ X, then the orbit of x is Orb(T, x) = {x, T x, T 2 x, . . . }. An operator T is called hypercyclic if there is a vector x such that Orb(T, x) is dense. In this case, x is called a hypercyclic vector for T . It is surprising that a linear operator can actually be hypercyclic; the first example was constructed by Rolewicz [9] in 1969. He showed that if B is the backward shift on 2 (N), then λB is hypercyclic if and only if |λ| > 1. Since this first example a "Hypercyclicity Criterion" was developed independently by Kitai [8] and Gethner and Shapiro [6] . This criterion has been used to show that hypercyclic operators arise within the classes of composition operators [3] , weighted shifts [10] , adjoints of multiplication operators [7] , and adjoints of subnormal and hyponormal operators [5] . This paper is motivied by questions about perturbations of hypercyclic vectors. The basic question is as follows:
If Orb(T, x) is dense in X and Orb(T, y) is "small", then is Orb(T, x+y) dense in X?
It is easy to see that if Orb(T, y) is finite, or a convergent sequence, then the answer to this question is "yes". Here we address the question when Orb(T, y) is bounded or has compact closure. Notice that if Orb(T, y) is bounded, and Orb(T, x) is dense, then Orb(T, x + y) comes within a bounded distance of every point in X. If an orbit is d-dense in X, then is it necessarily dense in X? In this paper we show that if T has a d-dense orbit, then T must be hypercyclic. That is, some vector will have dense orbit under T . However, surprisingly, we show that a d-dense orbit need not be dense! In fact, we will show that for any > 0, there are -dense orbits that are not dense. We also construct a vector x with dense orbit and a vector y whose orbit has compact closure, and yet x + y does not have a dense orbit. However, we prove that if Orb(T, x) is dense and clOrb(T, y) is countable and compact, then Orb(T, x + y) is dense. 
Main Results
Thus, the orbit of x comes within a distance (d + ) of every point in X, (for any > 0) hence by Theorem 2.1, T is hypercyclic.
We begin with a few Lemmas for the proof of Theorem 2.1.
Proof. Suppose that x ∈ X and 0 < d < ∞ are such that for every y ∈ X, there exists an n ≥ 0 such that
Hence, the vector x has an orbit that is -dense in X.
If X is any infinite dimensional normed linear space, then its an easy exercise with the Hahn-Banach Theorem to show that X has a 1-separated sequence of unit vectors ( [4, page 7] ). In fact, it is a deep theorem due to J. Elton and E. Odell that there is an > 0 and a sequence of unit vectors in X that are ( 
Proof. Suppose that Orb(T, x) ∩ B(y, d) = ∅ for every y ∈ X. Fix a y ∈ X; then we will show that Orb(T, x) ∩ B(y, 3d) is infinite. Since X is infinite dimensional, there exists an infinite sequence {y n } in ∂B(y, 2d) that is 2d-separated. Thus,
) and the orbit of x must enter the ball B(y n , d) for every n, then B(y, 3d) contains an infinite number of elements of the orbit of x.
Proof of Theorem 2.1. We will show that T is transitive. So, suppose that U, V are any two nonempty open sets in X. Choose y ∈ U and z ∈ V and an > 0 such that B(y, 3 ) ⊆ U and B(z, 3 ) ⊆ V . Then for this choice of , by Lemma 2.3, there exists a vector x whose orbit is -dense in X. By the previous lemma the orbit of x intersects each of the balls B(y, 3 ) and B(z, 3 ) infinitely many times. Thus, there exists an n ≥ 0 such that T n x ∈ U and a m > n such that
Recall that a vector x is a supercyclic vector for T if {cT n x : n ≥ 0, c ∈ C} is dense. We now show that if the orbit of x comes within a bounded distance of every point, then x must be a supercyclic vector.
Proposition 2.5. If If T ∈ B(X) and Orb(T, x) is
Proof. Let y ∈ X and > 0. Choose an n > 0 such that
Thus we have shown that if Orb(T, x) is d-dense, then T must be hypercyclic and x must be a supercyclic vector; however, we now show that the vector x itself need not be a hypercyclic vector. Thus, the vector x can have a "lattice-like" orbit-where the orbit comes "close" to every point, but is not dense.
In what follows, B denotes the backward shift on We begin with a Lemma.
Proof. One can easily check that if y = (y 0 , . . . , y n ) ∈ C n+1 , then there exists a vector z having the required form such that |
. Proof of Theorem 2.6. By Lemma 2.3 it suffices to construct an x whose orbit comes within a distance d of every point, for some d > 0. Let F = {z ∈ C : |z| ≥ 1} ∪ {0} and let C be any countable dense subset of F . Let {v n : n ≥ 0} be an enumeration of all vectors of finite length with entries in C. Denote the coordinates of v n as v n = (v n (0), v n (1), . . . , v n (k n )). The vector x will have the following form:
The numbers n k are chosen so that
2 , . . . ). That is, n k is precisely the number of coordinates preceding the term
. However, before we choose the n k 's we first choose p k , the number of zeros separating the vectors v k−1 and v k . Choose p k large enough to satisfy v k /2 p k < (1/2) k . Now that we know the p k 's and the length of the v k 's one can determine the n k 's.
Notice that
Thus, that y − (y 0 , . . . , y n , 0, 0 , 0, 0, . . . ) such that z − (y 0 , . . . , y n , 0, 0, . . . ) ≤ 1/ √ 3 and z k ∈ F . Thus, there is a vectorv j that is arbitrarily close to z, say we choose a j such that v j − z ≤ 1. Then we have
Thus, the orbit of x comes within a distance 4 of every point in 2 . However, notice that by construction, the first coordinate of T n x always belongs to the set F = {z ∈ C : |z| ≥ 1}∪{0}. In particular, if y = (1/2, 0, 0, 0, . . . ), then T n x−y ≥ 1/2 for all n ≥ 0. Hence the orbit of x is not dense in 2 .
Corollary 2.8. If T = 2B on 2 , then there exist vectors x and y such that x has a dense orbit, the closure of the orbit of y is compact, and yet x + y does not have a dense orbit.
Proof. Let x be the vector constructed as in Theorem 2.6 only with the set F = C. Then it is easy to see that x has a dense orbit. Now, define a vector y as follows. If x = (x 0 , x 1 , . . . ) and if |x k | < 1/2 k , then let the kth coordinate of y be (−x k ), otherwise let the k th coordinate of y be zero. Then x + y is a vector of the type constructed in the proof of Theorem 2.6 and hence does not have dense orbit. However, the orbit of y is contained in the set
2 k for all k} and it's easy to see that K is compact. It follows from the Corollary above that there exist two vectors x and y such that x has a precompact orbit, y has an orbit that is not dense (hence it must be nowhere dense [2] ) and yet x + y has a dense orbit! We now show that sufficiently small perturbations of hypercyclic vectors remain hypercyclic.
Theorem 2.10. If T ∈ B(X), Orb(T, x) is dense in X, and clOrb(T, y) is countable and compact, then Orb(T, x + y) is dense in X.
Proof. Suppose that Orb(T, x) is dense in X, and that clOrb(T, y) = {v 1 , v 2 , . . . }. For each z ∈ X, there exists a sequence n k → ∞ such that T n k x → z. Since, the orbit of y has compact closure, the sequence {T n k y} has a cluster point. Hence there exists m k → ∞ and a v i such that
It follows by the Baire Category Theorem, that for some i, F i is somewhere dense; that is, int[clF i ] = ∅. Fix such a value of i. Then for any z ∈ F i , there exists a sequence
It follows that F i + v i ⊆ clOrb(T, x + y). However, F i + v i is a somewhere dense set, and thus Orb(T, x + y) is somewhere dense. It follows that Orb(T, x + y) must be dense (see [2] ).
Final Remarks
Our work allows us to give a more general form of the well known hypercyclicity criterion. It is an unsolved problem whether this sufficient condition for hypercyclicity is also necessary. It is known that an operator T satisfies the hypercyclicity criterion (as stated below) if and only if T ⊕ T is hypercyclic (see [1] ). Thus the necessity of the criterion is equivalent to the problem of showing that the inflation of a hypercyclic operator is still hypercyclic.
Theorem 3.1 (The Hypercyclicity Criterion). Suppose that T ∈ B(X).
If there exists two dense subsets Y and Z in X and a sequence {n k } such that:
then T is hypercyclic.
Our Theorem 2.1 allows one to slightly weaken the statement of the criterion. Notice that the Hypercyclicity Criterion (essentially) corresponds to d = 0. One may also switch the liminf with the limsup, however they cannot both be liminf's. The proof of Theorem 3.2 proceeds exactly as the proof of Theorem 3.1 (see [6] ) except that one uses Corollary 2.2. Of course Theorem 3.2 is equivalent to Theorem 3.1 because if T satisfies Theorem 3.2, then T ⊕ T does also. Hence T ⊕ T is hypercyclic and thus T satisfies Theorem 3.1 (see [1] ). Nevertheless, perhaps the weakened form may be useful.
Theorem 3.2. Suppose that T ∈ B(X). If there exists two dense subsets
We close with a natural question raised by the author.
Question 3.3.
If X is a separable Banach space, T ∈ B(X), and there exists an x ∈ X such that Orb(T, x) is dense in the weak topology on X, then is T hypercyclic?
It should be noted that the author has constructed a vector whose orbit under twice the Backward shift is weakly dense but not norm dense. Hence a weakly dense orbit need not be norm dense.
